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Abstract 

Recent work on holographic superconductivity and gravitational duals of systems with non- 
relativistic conformal symmetry have made use of consistent truncations of D = 10 and D = 11 
supergravity retaining some massive modes in the Kaluza-Klein tower. In this paper we focus on 
reductions of IIB supergravity to five dimensions on a Sasaki-Einstein manifold, and extend these 
previous truncations to encompass the entire bosonic sector of gauged D = 5, N = 2 supergravity 
coupled to massive multiplets up to the second Kaluza-Klein level. We conjecture that a necessary 
condition for the consistency of massive truncations is to only retain the lowest modes in the 
massive trajectories of the Kaluza-Klein mode decomposition of the original fields. This is an 
extension of the well-known result that consistent truncations may be obtained by restricting to 
the singlet sector of the internal symmetry group. 
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I. INTRODUCTION 



Recent developments in AdS/CFT have expanded the scope of applications from the 
realm of strongly coupled relativistic gauge theories to various condensed matter systems 
whose dynamics are expected to be described by a strongly coupled theory. These include 
systems with behavior governed by a quantum critical point jl, 2|, as well as cold atoms 
and similar systems exhibiting non- relativistic conformal symmetry [3j,|4|. Much current at- 
tention is also directed towards holographic descriptions of superfluids and superconductors 
5rls|. 



superconductivity is the 
Turning on tempera- 



The main feature used in the construction of a dual model o: 
existence of a charged scalar field in the dual AdS background [(3, 
ture and non-zero chemical potential corresponds to working with a charged black hole in 
AdS. Then, as the temperature is lowered, the charged scalar develops an instability and 
condenses, so that the black hole develops scalar hair 1 . This condensate breaks the U(l) 
symmetry, and is a sign of superconductivity (in the case where the U(l) is "weakly gauged" 
on the boundary). 

The basic model dual to a 2+1 dimensional superconductor is simply that of a charged 
scalar coupled to a Maxwell field and gravity, and may be described by a Lagrangian of the 
form 

A = R + ^ - \f% - - iqA^\ 2 - m 2 ^ 2 . (1) 

The properties of the system may then be studied for various values of mass m and charge 
q. While this is a perfectly acceptable framework, a more complete understanding demands 
that this somewhat phenomenological Lagrangian be embedded in a more complete theory 
such as string theory, or at least its supergravity limit. For AdS4 duals of 2+1 dimensional 
superconductors, this was examined at the linearized level in [2], and embedded into D = 11 
supergravity at the full non-linear level in 



13 



15| for the case m 2 L 2 



-2 and q = 2. 



Similarly, a IIB sup erg ravity model for an AdSs dual to 3+1 dimensional superconductors 
was constructed in [16( with m 2 L 2 = —3 and q = 2. 



The AdS 4 model of 



13Hl5j and the AdSs model of [3] are based on Kaluza-Klein trun- 



Recent models have generalized this construction to encompass both p-wave 

HQ 

and d- 

condensates. 



wave 



11] 
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cations on squashed Sasaki-Einstein manifolds. They both have the unusual feature where 
the q = 2 charged scalar arises from the massive level of the Kaluza-Klein truncation. This 
appears to go against the standard lore of consistent truncations, where it was thought that 
truncations keeping only a finite number of massive modes would necessarily be inconsis- 
tent. A heuristic argument is that states in the Kaluza-Klein tower carry charges under 
the internal symmetry, and hence would couple at the non-linear level to source higher and 
higher states, all the way up the Kaluza-Klein tower. This hints that one way to obtain a 
consistent truncation is simply to truncate to singlets of the internal symmetry group, and 
indeed such a construction is consistent. An example of this is a standard torus reduction, 
where only zero modes on the torus are kept. On the other hand, sphere reductions to max- 
imal gauged supergravities in D = 4, 5 and 7 do not follow this rule, as they are expected 
to be consistent, even though some of the lower-dimensional fields (such as the non-abelian 
graviphotons) are charged under the i?-symmetry. In fact, the issue of Kaluza-Klein con- 
sistency is not yet fully resolved, and often must be treated on a case by base basis. This 
has led us to explore the squashed Sasaki-Einstein compactifications to see if additional 
consistent massive truncations may be found. 

In addition to embedding holographic models of superconductivity into string theory, 
several groups have demonstrated the embedding of dual non-relativistic CFT backgrounds 



into string theory 



17H19|| . These geometries where originally constructed from a toy model 



of a massive vector field coupled to gravity with a negative cosmological constant 3|, |4j of 
the form (given here for a deformation of AdSs): 

^ 12 1 9 m 2 
^ = R + J* ~ l F l ~ ~Y A % (2) 

with mass related to the scaling exponent z according to m 2 L 2 = z(z + 2). The z = 2 and 
z = 4 models (m 2 L 2 = 8 and m 2 L 2 = 24, respectively) were subsequently realized within 
IIB supergravity in terms of consistent truncations retaining a massive vector (along with 
possibly other fields as well) 17 l3] • These results have further opened up the possibility 



of obtaining large classes of consistent truncations retaining massive modes of various spin. 
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A. Consistent massive truncations of IIB supergravity 



For the most part, the massive consistent truncations used in the study of AdS/condensed 
matter systems have not been supersymmetric 2 . Nevertheless this has motivated us to inves- 
tigate the possibility of obtaining new supersymmetric massive truncations of IIB supergrav- 
ity. In particular, we are mainly interested in reducing IIB supergravity on a Sasaki-Einstein 
manifold to obtain gauged supergravity in D = 5 coupled to possibly massive supermulti- 
plets. 

Following the construction of D = 11 supergravity [^(J and the realization that it admits 
an AdS4 x S 7 vacuum solution [21], it was soon postulated that the Kaluza-Klein reduction 
on the sphere would give rise to gauged Af = 8 supergravity at the "massless" Kaluza-Klein 
level 22j-|24j. This notion was reinforced by a linearized Kaluza-Klein mode analysis demon- 



strating that the full spectrum of Kaluza-Klein excitations falls into supermultiplets of the 
D — 4, Af — 8 superalgebra OSp(4|8) 25N271]. However, demonstrating full consistency 
of the non-linear reduction to gauged Af = 8 supergravity has remained elusive. Never- 



28 L and this has in fact been 



29 



3oJ- 



theless, all indications are that the reduction is consistent 
demonstrated for the related case of reducing to D = 7 on S* 4 

The story is similar for the case of IIB supergravity reduced on S 5 . A linearized Kaluza- 
Klein mode analysis demonstrates that the spectrum of Kaluza-Klein excitations falls into 
complete supermultiplets of the D = 5, Af = 8 superalgebra SU(2 . 2|4 ), with the lowest 
one corresponding to the ordinary Af = 8 supergravity multiplet [3ll |32j. In this case, only 
partial results are known about the full non-linear reduction to gauged supergravity, but 



there is strong evidence for its consistency 
More generally, it was conjectured in 



_ 33^36] 



37 



3 



and 



39j, that, for any supergravity re- 



duction, it is always possible to consistently truncate to the supermultiplet containing the 
massless graviton. This is a non-trivial statement, as the truncation must satisfy rather re- 
strictive consistency conditions related to the gauge symmetries generated by the isometries 



of the internal manifold 



40 



4l| . This conjecture has recently been shown to be true for 



Sasaki-Einstein reductions of IIB supergravity on SE 5 [42j and D = 11 supergravity on SE 7 



39j, yielding minimal D = 5, Af = 2 and D = 4, Af = 2 gauged supergravity, respectively 



2 The massive truncation given in [T3I ] is supersymmetric, although the connection to a holographic super- 
conductor was done through the non-supersymmetric skew-whiffed case. 
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(see also [43l. l44j). 

While states in the same supermultiplet do not necessarily have the same mass in gauged 
supergravity, the minimal supergravity multiplets, which contain the graviton, gravitino 
and a graviphoton, are in fact massless. Thus one may suspect that truncations to massless 
supermultiplets are necessarily consistent. However, it turns out that this is not the case. 



This was explicitly demonstrated in [41], where, for example, it was shown to be inconsistent 
to retain the SU(2) x SU(2) vector multiplets that naturally arise in the compactification of 
I IB supergravity on T 1 * 1 . 

For many of the above reasons, it has often been a challenge to explore consistent super- 
symmetric truncations, even at the massless Kaluza-Klein level. However, bosonic trunca- 



tions retaining massive breathing and squashing modes [45] have been known to be consistent 
for some time. In this case, consistency is guaranteed by retaining only singlets under the in- 
ternal symmetry group SU(4) xU(l) for the squashed S 7 or SU(3) xU(l) for the squashed S 5 . 
The supersymmetrv of background solutions involving the breathing and squashing modes 



was explored in 46], where it was further conjectured that a supersymmetric consistent 
truncation could be found that retains the full breathing/squashing supermultiplet. 

Although this massive consistent truncation conjecture was made for squashed sphere 
compactifications, it naturally generalizes to compactification on more general internal 
spaces, such as Sasaki-Einstein spaces. For D — 11 supergravity compactified on a squashed 
S 7 , written as U(l) bundled over CP 3 , truncation of the Af = 8 Kaluza-Klein spectrum to 
SU(4) singlets under the decomposition SO(8) D SU(4) x U(l) yields the Af = 2 supergravity 
multiplet 3 

n = : V(2, 1) Q = D(3, 2) + D(f , §)_! + D(f , |) a + D(2, 1) , (3) 

at the massless (n = 0) Kaluza-Klein level. No SU(4) singlets survive at the first (n = 
1) massive Kaluza-Klein level, and the breathing and squashing modes finally make their 
appearance at the second (n = 2) Kaluza-Klein level in a massive vector multiplet [46] 



n = 2: X?(4,0) = D(5, 1)„ + £>(§, i)_ x + £>(§, ±)x + D{% , \)- X + D{% , |)i 

+D{4, 0) + D(5, 0) + D(5, 0)_ 2 + D(5, 0) 2 + D(6, 0) . (4) 



3 The OSp(4|2) super-representations T>(Eq, s) q and SO(2,3) representations D(Eq, s) q are labeled by energy 
E , spin s and U(l) charge q under OSp(4|2) D SO(2,3) x U(l) D SO(2) x SO(3) x U(l). 
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Replacing S 7 by SE7 amounts to replacing CP 3 by an appropriate Kahler-Einstein base B. 
In this case, the internal isometry is generically reduced from SU(4) x U(l). Nevertheless, 
the notion of truncating to SU(4) singlets may simply be replaced by the pres crip tion of 
truncating to zero modes on the base B. This procedure was in fact done in jl3| . which 
constructed the non-linear Kaluza-Klein reduction for all the bosonic fields contained in the 
above supermultiplets fl3]) and (jl]) and furthermore verified the M = 2 supersymmetry. 

For the case of IIB supergravity compactified on SE§, it is straightforward to general- 
ize the squashed S 5 conjecture of 46]. In this case, however, the Kaluza-Klein spectrum is 
more involved, and is given in Table HI A curious feature shows up here in that an additional 
LH+RH chiral matter multiplet shows up at the 'massless' Kaluza-Klein level. The E = 4 
scalar in this multiplet corresponds to the IIB axi-dilaton, while the additional E = 3 
charged scalar is precisely the charged scalar constructed in the holographic model of 16]. 



At the higher Kaluza-Klein levels, the breathing and squashing mode scalars correspond 
to the Eq = 8 and Eq = 6 scalars in the massive vector multiplet. In addition, consistent 
truncations involving the Eq = 5 (m 2 L 2 = 8) doublet of vectors in the semi-long LH+RH 
massive gravitino multiplet and the Eq = 7 (m 2 L 2 = 24) vector in the massive vector mul- 



tiplet were constructed in |17Hl9j in the context of investigating non-relativistic conformal 
backgrounds in string theory. 

What we have seen so far is that massive consistent truncations of IIB supergravity have 
been obtained keeping various subsets of the bosonic fields identified in Table HI The goal of 
this paper is to construct a complete non-linear Kaluza-Klein reduction of IIB supergravity 
on SE5 retaining all the bosonic fields in the multiplets up to the n = 2 level. This com- 
plements the massive Kaluza-Klein truncation of D = 11 supergravity 13], and provides 
another example of a consistent truncation retaining the breathing mode supermultiplet. 
We proceed in Section |TT] with the Sasaki-Einstein reduction of IIB supergravity. Then in 
Sectio n IHII we connect the full non-linear reduction with the linearized Kaluza-Klein analysis 



of 



31 



32j and show how the bosonic fields in Table U are related to the original IIB fields. 
In Section HVl we relate the complete non-linear reduction to previous results by performing 
additional truncations to a subset of active fields. Finally, we conclude in Section [V] with 
some further speculation on massive consistent truncations of supergravity. 



While this work was being completed we became aware of 



47H49| which independently 



worked out the massive consistent truncation of IIB supergravity on SE 5 . 
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n 



Multiplet 



SC/(2,2|1) 



50(2,4) x U{1) 



supergraviton 
LH chiral 
RH chiral 

LH massive gravitino 
RH massive gravitino 
massive vector 



P(3, 0,0)2 
P(3,0,0)_ 2 
25(4^,0, |)i 



P(4±,±,0)_i 
^(6,0,0)o 



D(4, 1, l)o + £>(3±, 1, + D(3±, |, l)i + £>(3, ± ±) 
D(3|, |,0)! + £>(3, 0, 0)2 + D(4, 0, 0) 
D(3|, 0, i)_! + L>(3, 0, 0)_ 2 + D(4, 0, 0) 
£>(5±, |, l)i + D(5,i |)o + £(5,0,1)2 

+D(6, 0, l)o + L>(4±, 0, i)i + D(5±, 0, ±)_! 
D(5±, 1, i)_i + £(5, i, i) + £(5, 1, 0)_ 2 

+£(6, l,0)o + £(4, |,0)_i + £>(5i, |,0)i 
£(7,i,i)o + J D(6i,i,0)-i+£(6i,0,i)i 

+£>(7±, 0, i)_i + D(7±, i, 0)i + D(6, 0, 0) 



46J], or 



+D(7, 0, 0)_ 2 + D(7, 0, 0)2 + £(8, 0, 0) 

TABLE I: The truncated Kaluza-Klein spectrum of IIB supergravity on squashed S 5 
equivalently on SE$. Here n denotes the Kaluza-Klein level. The consistent truncation is expected 
to terminate at level n = 2 with the breathing mode supermultiplet. 



II. SASAKI-EINSTEIN REDUCTION OF IIB SUPERGRAVITY 

The bosonic field content of IIB supergravity consists of the NSNS fields {qmni Bmni4>) 
and the RR potentials (Co, C2, C4). Because of the self-dual field strength F 5 + = dC^, it is 
not possible to write down a covariant action. However, we may take a bosonic Lagrangian 
of the form 

£„b =R*1- ^dr A *df - -M i5 F\ A *F* - ^F 5 A *F 5 - ~e i:j C 4 A F* A F 3 J , (5) 

where self-duality F 5 = *F 5 is to be imposed by hand after deriving the equations of motion. 
We have given the Lagrangian in an SL(2,7?.) invariant form where 



r = Cn + ie~ 



and where 



*3 



dB\ 



2- 



B 2 

Co 



T2 



(6) 



-Tl 



F 5 = dCt+^eijBiAdBi 



(7) 
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The equations of motion following from (jSJ) and the self-duality of F 5 are 

dF 5 = le^AFi, F 5 = *F 5 , 

d(M tJ *Fl) = —eijFs A F|, 

d*dr ,drA*dr i _ _ . . 

+2 2 = - — G 3 A*G 3j 8 

r 2 2r 2 

and the Einstein equation (in Ricci form) 

Run = ^d { MTd N )f + -Mij ^Fl IPQ F^ PQ - —9mnFp QR F jPQR 

+^^FmpqrsFn PQRS • (9) 

In the above we have introduced the complex three-form G3 = F 2 — tF%. If desired, this 
allows us to rewrite the three-form equation of motion as 

dr - 

d* G = —i- — A *(G 3 + G 3 ) + iF 5 A G 3 . (10) 
2t 2 



A. The reduction ansatz 

Before writing out the reduction ansatz, we note a few key features of Sasaki-Einstein 
manifolds. A Sasaki-Einstein manifold has a preferred U(l) isometry related to the Reeb 
vector. This allows us to write the metric as a U(l) fibration over a Kahler-Einstein base B 

ds 2 (SE 5 ) = ds 2 {B) + (# + A) 2 , (11) 

where dA = 2J with J the Kahler form on B. Moreover, B admits an SU(2) structure 
defined by the (1,1) and (2,0) forms J and Q satisfying 

JAQ = 0, Q AQ = 2JA J = 4 * 4 1, * 4 J = J, *^Q = Q, (12) 

as well as 

dJ = 0, dtt = 3i(dip + A) A SI. (13) 

Note that we are taking the 'unit radius' Einstein condition Rij = 4gij on the Sasaki-Einstein 
manifold, which corresponds to R a b = §g a b on the Kahler-Einstein base. 

For the reduction, we write down the most general decomposition of the bosonic IIB fields 
consistent with the isometries of B. For the metric, we take 

ds 2 10 = e 2A dsl + e 2B ds 2 (B) + e 2C ( V + A 1 ) 2 , (14) 



where r] — dip + A. Since A 1 gauges the U(l) isometry, it will be related to the D = 5 
graviphoton. Note, however, that the graviphoton receives additional contributions from 
the five-form. 

The three-form and five-form field strengths can be expanded in a basis of invariant 
tensors on B. For the three-forms, we work with the potentials 

B\ = b\ + b\ A (rj + A x ) + b^n + biQ. (15) 

The scalars b l are complex, while the remaining fields are real. Note that we do not include 
a term of the form b l J in the ansatz, as this field will act simply as a Stiickelburg field in 
the five-dimensional theory. In particular, it does not give rise to any new dynamics in the 
equations of motion as it can be repackaged as a total derivative plus terms which would 
simply shift b\ and b\, 

2b o J = d% A (rj + A 1 )) - dU A (77 + A t ) -%F 2 . (16) 

Taking F3 = dB\ gives 

F* = (db\ - b\ A F) + db[ A (77 + A x ) - 2b\ A J + D&j A Q + D¥ Q A Q 

+3ibiQA(r] + A 1 )-3ibinA(r] + A 1 ), (17) 

where D is the U(l) gauge covariant derivative 

DU Q = dbi - 3iAi6j. (18) 

For convenience, we write this as 

F^ = gl + glA( V + A 1 )+glAJ + flAn + r i An + f^AnA( V + A 1 ) + f^AQA(r ] + A 1 ), (19) 

where our notation is such that the s are real and the / l 's are complex. 
For the self-dual five-form, we take 

F 5 = (l+*)[(4+0o)*4lA(77+Ai)+AiA*4l+P2AJA(77+Ai)+g 2 AQA(r/+Ai)+^ 2 AQA(r/+Ai)], 

(20) 

where * 4 1 denotes the volume form on the Kahler-Einstein base B. Note that we have pulled 
out a constant background component 

F 5 = 4(l + *)vol(S£ 5 ), (21) 
9 



which sets up the Freund-Rubin compactification 4 . The two- forms q 2 are complex, while the 
other fields are real. For later convenience, we take the explicit 10-dimensional dual in the 
metric (j!4p to obtain 

F 5 = (4 + O ) *4 1 A (77 + A x ) + A * 4 1 + p 2 A J A (77 + A x ) + g 2 A Vt A (77 + A) 
+g 2 A A (77 + Ax) + e 5A - 4B " c (4 + fa) * 1 - e 3A - 4B+c; * A 1 A (77 + A x ) 
+e A " c * p 2 A J + e A ~ c * q 2 A + e A ~ c * q 2 A fi, (22) 

where * now denotes the Hodge dual in the D = 5 spacetime. 
B. Reduction of the equations of motion 

In order to obtain the reduction, it is now simply a matter of inserting the above decom- 
positions into the IIB equations of motion. The F 5 equation yields 

d{e A - c * p 2 ) = 2e 3A ~ 4B+c * A x - p 2 A F 2 + e ij9 [ A gj, 

Dg 2 = 3ze A ~ c * g 2 + A g\ — f^), (23) 

along with the constraints 

0o = -j %(/o/o ~ /o/o)) 

p 2 = J^J A ^ - d[j4! + jAi + yMfl - M)]. (24) 

The implication of this is that F 5 gives rise to two physical D = 5 fields, namely a massive 
vector Ai and a complex antisymmetric tensor q 2 satisfying an odd-dimensional self-duality 
equation and with m 2 = 9. The mass of Ai is not directly apparent from f )23|) as it mixes 
with Ai from the metric to yield the massless graviphoton as well as a m 2 = 24 massive 
vector. 

4 For simplicity, we have assumed a unit radius [L = 1) compactification. 
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The F3 equation yields 

D(e 3A+c M.ij * ft) = Ste 5A - c M tJ U * 1 + ey[(4 + <Po)e 5A ~ 4B ~ c / j * 1 - «, A fig 
+e A ~ c * g 2 A ^ + e 3A " 4B+c * A x A /f], 

+e 4J [-2e A - c * p 2 A ^ - Ax A g{ - Ae A ~ c \*q 2 A f{ + *g 2 A f()}, 
d{e~ A+AB+c M %J * si) = 6y[-(4 + O )^3 + Ai A ^ - 2p 2 A g{ - 4(g 2 A /? + g 2 A /f) 

+4e A - c (^*g 2 + ^*g 2 )]. (25) 

These correspond to a pair of charged scalars /q, a pair of m 2 = 8 massive vectors g\ and a 
pair of massive antisymmetric tensors b\. 

The ten-dimensional Einstein equation reduces to a five- dimensional Einstein equa- 
tion, as well as the equations of motion for the breathing and squashing modes B and C 
and the graviphoton A\. In particular, in the natural vielbein basis, the frame components 
of the ten-dimensional Ricci tensor corresponding to the reduction (114p are given by 

w R a p = e- 2A [R aP - V a V p {3A + AB + C) - rj a ^Aff r (3 A + 4B + C)- r) a pDA 
+3d a AdpA - 4d a BdpB - d a CdpC + 4(d a AdpB + d a BdpA) 
+{d a Ad p C + d a Cd p A)] - |e 2C " 4A F Q7 F/, 
10 Rob = 5 ab [6e- 2B - 2e 2C - 4B - e~ 2A {UB + d y BW(3A + 4B + C))], 
10 R 99 = Ae 2C ~ AB + ie 2C - 4A F 7(5 F^ - e^DC + d 1 Cdn{3A + 4B + C)), 
10 R a9 = |e c - 3A [V 7 F Q7 + F ai d\A + AB + 3C)}. (26) 

The a and j3 indices correspond to the D = 5 spacetime, while a and b correspond to 
the Kahler-Einstein base B and 9 corresponds to the U(l) fiber direction. The covariant 
derivatives and frame indices on the right hand side of these quantities are with respect to 
the D = 5 metric. In order to reduce to the D = 5 Einstein frame metric, we now choose 
3A + AB + C = 0, or 

A = -lB- \C. (27) 

For convenience, we will retain A in the expressions below. However, it is not independent, 
and should always be thought of shorthand for (1271) . 

Equating the ten-dimensional Ricci tensor (I2"6"j) to the stress tensor formed out of F3 and 



11 



F 5 of f fl9|) and ([22]) . we obtain the D = 5 Einstein equation 

^ = ±r^(-24e 2A - 2B + 4e 5A + 3C + ^ 

+|5 a C^C + ^d (a rd p) f + \e 2C - 2A (F ai Ff - \ VaP F lS F^ s ) + ^e~ 8B A a Ap 
+e A - c [(p aj p^ - lva/3P^ 5 ) + 4(g (a 7 g /3 ) 7 - Iva^sq 16 )] 

+M tJ [ie 5A - c vMM + M) + h~ 2A - 2C (9^ - h^9W jS ) 

+\e- iA {g^ & - ha P g\ s J^) + e-'\g% + 2(£j* + (28) 

as well as the B, C and A\ equations of motion 

d * dB = [6e 2A - 2B - 2e 5A+3C - ±e 8A (4 + O ) 2 ] * 1 - A * A i 

+Ml3 [\e- 2A - 2C A V 2 + |e~ 4A ^ A V 3 - h^Vofo + Rti) * 1 
-|e- 4B (^ A *<tI + 2(/l A + ft A */?))], 

d * = [4e 5A+3C - ±e 8A (4 + </> ) 2 ] * 1 + \e 2C ~ 2A F 2 A *F 2 + Je" 8 ^ A *Ai 
-\e A ~ c (p2 A *p 2 + 4 ?2 A *g 2 ) + M ij\-\e~ 2A ~ 2C g\ A *^ 

s< ,A <h a *^ - ±r' A '(./;;./;; • 

+ie- 4B (^i A + 2(/l A *f{ + ft A *//))], 
d(e 2C ~ 2A *F 2 ) = (4 + 0o)e- 8i? *Ai-p 2 Ap 2 -4g 2 Ag 2 

+^^[4e- 4B * (./;;./'/ + ) + e" 4A * y« A ^]. (29) 

Note that, in order to obtain the D = 5 Einstein equation, we had to shift the reduction 
of l0 R a /3 an appropriate combination of 10 R a b and 10 i?99 in order to remove the T] a pOA 
component in the first line of (T26l) . 

The IIB equations of motion thus reduce to (|23|) . ff25l) . ([28]) and (|29|) as well as the axi- 
dilaton equation, which we have not written down explicitly, but which will be shown to be 
consistent below. 

C. The effective five-dimensional Lagrangian 

We now wish to construct an effective D = 5 Lagrangian which reproduces the above 
equations of motion. This may be done by noting that the D = 5 Einstein equation ( 1281 
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arises naturally from a Lagrangian of the form 

£ = R*l + (24e 2A - 2B - Ae 5A+3C - ±e 8A (4 + O ) 2 ) * 1 - fdB A *dB - |dS A *dC 
-jdC A *dC - ^dr A *df - \e 2C ~ 2A F 2 A *F 2 - le~ 8B A 1 A *A X 
-e A ^(p 2 A *p 2 + 4g 2 A *g 2 ) + A^ ^e 5 ^/^' + j^) * 1 
-\e- 2A - 2C gi A " \e~' A gl A *^ - e~ 4 Vi A *g[ + 2{f{ A *fi + f[ A */>))] 
+£cs- (30) 

We have included a Chern-Simons piece £cs which cannot be determined from the Einstein 
equation. 

It is now possible to verify that (130]) reproduces all the terms in the equations of motion 
(123]) . (125]) and (1291) involving the metric (ie the Hodge *). The remaining terms may be 
obtained from the addition of the topological piece 

£cs = y(<?2 A dq 2 -q 2 A dq 2 ) - AA l A q 2 A q 2 + 2e y & 2 A c^ 2 

+f[(?2 - A e H (/* A ^ - / fe ^) - (g 2 + f e^) A A £ 2 - /Ml 

-A x A (pa - Je^ A g{) A (p 2 - \e kl g\ A ^) 

-2[JA! + leMfl - /o/f)] A e„(^ A g\ - \g\ A g\ A F 2 ). (31) 

Here we recall the definitions 

73 = 3x6* , f[ = Dbl g\ = -2b[, g l 2 = db\, g\ = db 2 — b\ A F 2 , (32) 

implicit in (1171) and (fT9l . Furthermore, 0o an d p 2 are given by (|24[) . Note that, while Ai is 
massive, and does not have a gauge invariance associated with it, it is natural to make the 
shift 

- ; - : >k ^uiiof-! ./;;//)• (33) 

so that 

P2 = \e l3 g\Ag{-F 2 -\¥' 2 , (34) 

where F 2 = dA' v 

We now turn to the axi-dilaton equation obtained from ( 130]) . Since r only shows up in 
the kinetic term and in .My, we see that the r equation of motion obtained from the D = 5 
Lagrangian reproduces that obtained from the original IIB Lagrangian. This is because the 
quantity in the square brackets multiplying M.ij in ( 130]) is the straightforward reduction of 
— \Fl A *F% in the original IIB Lagrangian (jSJ). 
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III. MATCHING THE LINEARIZED KALUZA-KLEIN ANALYSIS 



The complete D = 5 Lagrangian, as given by (|3"0I) and (!3T|) . is somewhat opaque. Thus in 
this section, we demonstrate that it in fact contains the fields corresponding to the Kaluza- 
Klein mass spectrum noted in Table HI To do this, it is sufficient to look at the linearized 
level. We first note that the effective D = 5 fields are the complex scalars (r, b l ), real scalars 
(B,C), one-form potentials (Ai,b\, Ax), pair of real two-forms (b\), the complex two-form 
(^2), and of course the metric (g^)- The D = 5 equations of motion (123]) . (1251) and (|29|) 
may be linearized on the matter fields to obtain the set 

d*dbl = (9^ + 12^)^*1, 
d*db\ = -8*b\, 
d*db 2 = -AAf'jdbi, 

dq 2 = 3i * q 2 , 
d * F 2 = 4 * Ai, d*F 2 + \d*¥ 2 = -2*A 1 , 

d*dB = A(7B + C) * 1, d*dC = 16(5 + C) * 1. (35) 



Here we have introduced 



M = M- L € = — I " Tl * I , (36) 



\r\ 2 n 



with eigenvalues +z and — i, corresponding to eigenvectors ^1 t) and ^1 f) , respectively. 

The first equation in (1351) then decomposes into a pair of equations for the complex scalars 
b™ 2= ~ 3 and b™ 2=21 with masses m 2 = —3 and m 2 = 21 according to 



k= ^ T J b f = ~ 3 +y f j b f =21 - ( 37 ) 

The second equation is that of an SL(2,R) doublet of real vectors b\ with mass m 2 = 8. 

5fJ db 2 = 




The third equation can be converted to an odd-dimensional self-duality equation 
4J\f l j *tf 2 , for a doublet of antisymmetric tensors b 2 with mass m 2 = 16. The fourth equation 
is already in odd-dimensional self-duality form, and shows that the complex antisymmetric 
tensor q 2 has mass m 2 = 9. 

The vector equations can be diagonalized 

d * (F 2 + ±F 2 ) = 0, d * F 2 = -24 * Ai, (38) 
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to identify the massless graviphoton A\ + ~Ai and the massive m 2 = 24 vector Ai. Finally 
the B and C equations may be diagonalized to identify the m 2 = 32 breathing and m 2 = 12 
squashing modes 

d * dp = 32p * 1, d * da = Via * 1, (39) 

where 

5 = p + |cr, C = p - 2a. (40) 

It is now possible to see how the above linearized modes are organized into M = 2 
supermultiplets. As shown in Table [J at the zeroth Kaluza-Klein level, we have the graviton 
supermultiplet 

V(3, |, ±) = D(4, 1, 1) + D(3i, 1, + D(3±, A, l)x + D(3, §, i)„, (41) 

with bosonic fields being the graviton g^ u and the massless graviphoton A\ + Still at 
the zeroth level, there is also a LH+RH chiral multiplet 

Z>(3,0,0) 2 = D$\,\$\ + n$, 0,0)2 + ^(4,0,0)0, 

P(3, 0, 0)_ 2 = D(3|, 0, |)_! + D(3, 0, 0)_ 2 + D(4, 0, 0) . (42) 

The charged E = 3 scalar corresponds to the m 2 = —3 scalar 6 ra2=_3 , while the complex 
Eq = 4 scalar is the axi-dilaton r. 

At the first Kaluza-Klein level, we have a semi-long LH+RH massive gravitino multiplet 

©(41,0,1)! = D(5|, l)i + D(5,i,|) + D(5,0,l) 2 + D(6, 0,l)o 
+ J D(4|,0,§) 1 + D(5±,0,§)_ 1 , 
P(4i,i,0)_! = D(5|,1,|)_ 1 + D(5,|,|) + J D(5,1,0)_ 2 + D(6, 1,0) 

+L>(4i,±,0)_ 1 + D(5|,i 0)!. (43) 

The bosonic field content is an SL(2,R) doublet of m 2 = 8 (E = 5) vectors 6^, a charged 
m 2 = 9 (E = 5) anti-symmetric tensor q 2 , and a doublet of m 2 = 16 (i?o = 6) anti- 
symmetric tensors b\. 

At the second Kaluza-Klein level, we have a massive vector multiplet 

V(Q, 0, 0)o = D(7, |, |) + £>(6§, |, 0)_ a + D(6|, 0, |)x + D(7± 0, |)_ x + D(7|, ^0), 

+£>(6, 0, 0)o + D{7, 0, 0)_ 2 + £>(7, 0, 0) 2 + D(8, 0, 0) . (44) 
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1 



Multiplet 



supergraviton 



LH+RH chiral 



LH+RH massive gravitino 



massive vector 



State 



#(4,1,1)0 
#(3, 5)0 



£>(3,0,0)±2 

L>(4, 0, 0)o + #(4, 0,0)o 



D(5 1 1 



, f , 2^0 + #(5, J) 3)0 



D(5, 0,1)2 + #(5,1, 0)_ 2 
D(6, 0,l)o + #(6, l,0)o 



#(7, 1 1 



2> 2^0 
#(6,0,0)o 

D(7,0,0)±2 
#(8,0,0)o 

TABLE II: Identification of the bosonic states in the Kaluza-Klein spectrum with the linearized 
modes in the reduction. 

The massive E = 7 vector is the m 2 = 24 mode The real E = 6 and E = 8 scalars are 



Field 



9/j.w 

A x + iAi 



h" 



<72 



(T 
°0 



the m 2 = 12 squashing and 



m 



32 breathing modes, cr and p, respectively. The charged 



Eq = 7 scalar is b™ 2 21 with m 2 = 21. This identification of the linearized fields with the 



Kaluza-Klein modes is shown in Table ILTl 

For the case of IIB supergravity on S 5 , is interesting to note that these fields lie at 
the lowest level of the massive trajectories in the Kaluza-Klein mode decomposition of the 
D = 10 fields 
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321 ] . We note that the massive Kaluza-Klein tower is built out of scalar, 



vector and tensor harmonics on S 5 , and the lowest harmonics generally have simple behavior 
on the internal sphere coordinates. For example, the lowest scalar harmonic is the constant 
mode on the sphere, while the lowest vector harmonics generate the Killing vectors on the 
sphere. It is presumably the simplicity of the lowest harmonics that allows the truncation 
to be consistent, even at the non-linear level. 

Although the harmonics on SE 5 are more involved (see e.g. 51J for the case of T 1 ' 1 ), 



it is clear that the decomposition (fl5|) and ( 122|) of the D = 10 fields in terms of invariant 
tensors on SE5 is equivalent to the truncation to the lowest harmonics on the sphere. This 
appears to be an essential feature guaranteeing the consistency of the massive truncation, 
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and hence we do not expect to be able to keep any additional multiplets in the Kaluza-Klein 
tower beyond the n = 2 level. 

IV. FURTHER TRUNCATIONS 

In order to make a connection with previous results on massive consistent truncations 
of IIB supergravity, we note that the semi-long LH+RH massive gravitino multiplet at the 
first Kaluza-Klein level may be truncated out by setting 

b{ = 0, b\ = 0, q 2 = 0. (45) 

It is easy to see that this truncation is consistent, since the respective equations of motion 
for q 2 in ( 12"5|) and g\ and g\ in ( I2"5"j) are trivially satisfied in this case. The resulting D = 5 
Lagrangian takes the form 

£ = R * 1 + (24e 2A - 2B - 4e 5A+3C - ±e 8A (4 + O ) 2 ) * 1 - fdB A *dB - \dB A *dC 
-|dC A *dC - ^dr A *df - \e 2C ~ 2A F 2 A *F 2 - e A ~ c (F 2 + |F' 2 ) A *(F 2 + |F' 2 ) 

-K 8 >; - f .,(./;;// - ./;;//* a *[a; - (./;;// - ./;;//) 
im,j< : ' a '•(./;;./;; + * 1 + « •*"(/! a *j? + /; a *tf )] 

— Ai A (F 2 + |F 2 ) A (F 2 + |F 2 ), (46) 

where 

/* = 34, £ = on .-f (;/( ./;;./;;. -./;;./;;). (47) 

A further truncation to the massless M = 2 supergravity sector may be obtained by 
setting 

6* = 0, B = 0, C = 0, Ax = 0, (48) 

along with taking a constant background for the axi-dilaton, r = r . This leaves only g^ u and 
Al, and yields the standard Lagrangian for the bosonic fields of minimal gauged supergravity 

£ = R * 1 + 12g 2 * 1 — \F 2 A *F 2 - ^=Aj A F 2 A F 2 , (49) 

where we have rescaled the graviphoton, A — > 77^1, so that it has a canonical kinetic term, 
and where we have restored the dimensionful gauged supergravity coupling g. 
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A. Truncation to the zeroth Kaluza-Klein level 



Beyond the truncation to minimal supergravity discussed above, the first nontrivial trun- 
cation involves keeping only the lowest Kaluza-Klein level fields {r, b™ 2= ~ 3 } dynamical. In 
what follows we will denote b™ 2= ~ 3 simply as b so that (&qj&o) = (^ T ^)- This truncation is 
not as simple as setting all other fields to zero, as the equations of motion demand certain 
constraints to be satisfied. For this case we start with the Lagrangian ()46p . obtained by 
setting b % 2 = b\ — q 2 — 0. We then impose the constraints 

bf= 21 = 0, e 4B = e" 4C = 1 - Ar 2 \b\ 2 , A 1 = -Air 2 (bDb - bDb) + 4|6| 2 rf^ 1 . (50) 

These in turn imply that 

0o = -24r 2 |6| 2 , p 2 = -dA 1 . (51) 

To guarantee consistency, we have to check four constraints from the equations of motion 
(the B, C, Jq, and combined Maxwell Equation). They are all verified to hold identically, 
and hence the truncation to the supergravity plus the LH+RH chiral multiplet is consistent. 
The Lagrangian is given by 

C = R*l+ [24(1 - 3r 2 |6| 2 )e- 4B - Ae' 83 - \e~ &B {A + </> ) 2 ] * 1 — 8dB A *dB 

-§F 2 A *F 2 - ie" 8B A! A *Ai - 8e~ iB r 2 Db A *Db - 2ie~ AB (bDb A *df - bDb A *dr) 



2t£ 



1 + 8e~ 4B T 2 \b\ 2 )dT A *df - A x A F 2 A F 2 . (52) 



This expression can be simplified by defining A = 4r 2 |6| , giving 

6(2 -3A) d\A*d\ (1 + X)dr A *df 3^ „ Ai A *A X 

C = R * 1 + — ■ - * 1 ^ — ' — - Fo A*Fo - 

+ (1-A) 2 2(1 - A) 2 2(1-A)rf 2 2 2 2(1 - A) 2 

_ 8r 2 Db A*Db _ ^_(l Db A +df _ w - b A _ Ai A p 2 A Fa (53) 
1 — A 1 — A 

If we further truncate the model by setting r = ie~^° = ig' 1 , which is consistent with 
the equation of motion for r given in (jSJ), this reproduces the model used in [l6i] to describe 
a holographic superconductor using a m 2 = — 3 and q = 2 charged scalar. If we denote 
b = y/g^fe ld , the truncated Lagrangian reads 

£ = R * 1 - \F 2 A *F 2 - A 1 A F 2 A F 2 

l10 (l-6/ 2 ) d/A*4f oj2 (^-3A 1 )A*(^-3A 1 ) 
+12 (l-4/ 2 ) 2 * 1 " 8 (l-4/ 2 ) 2 ~ 8/ (1^4/^ • (54) 



A further redefinition f = \ tanh | then reproduces the Lagrangian given in 16] 
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B. Truncation to the second Kaluza-Klein level 



Starting with the Lagrangian ( 14"6"|) with b\ — b\ = q 2 = 0, it is possible to retain the b"f =21 
scalar by setting 6™ 2=_3 = 0. In this case, we first let b% = t6q and define b\ = y/g^he^, 
so that (h,£) describe the m 2 = 21 scalar. Again, the scalar equations of motion lead to 
constraints, and in particular the first equation in (|25|) yields the equation of motion for h 
and £ as well as 

d{e 3A+c * dr) + ie iA+c ± 2 dr A *dr = 0. (55) 

This is simply the r equation of motion without any sources, and the simplest thing to 
do is to set r to be constant, r = ie~^° = ig~ x . The remaining field content is then 
{g^ui Ai,p, a, fe™ 2=21 , Ax}, corresponding to the supergravity multiplet coupled to the massive 
vector multiplet. It is now straightforward to complete the truncation, and the Lagrangian 
is given by 

£ = R * 1 + (24e-^ p - a - Ae-^ p ' &u - 8e^(l + 6h 2 ) 2 ) * 1 - f dp A *dp - Ua A *da 



-l e fp-^F 2 A *p 2 _ e -lp+^(F 2 + ±F 2 ) A *(^2 + m 
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-8(e- 4p ~ 2a dh A *d/i + e~ 4p - 2CT /i 2 r A *T + e"~ p+2<J /i 2 * l), (56) 

where we have defined T = d^ — 3A± . 

We can further truncate this by removing the m 2 = 21 scalar (i.e. by setting h — £ = 0), 
giving the Lagrangian 

£ = R * l + (24e"^^ <T - 4e~f p ~ 6a - 8e~f p ) * 1 - f dp A *dp - 5da A *da 

-l e f p - 4 °F 2 A *F 2 - e-l p+2 °(F 2 + \W 2 ) A *(^2 + \K) - \e~ sp -^ ^ A *A' X 
-A 1 A(F 2 +l¥' 2 )A(F 2 + \¥' 2 ), (57) 



which corresponds to the m 2 = 24 massive vector field truncation of 18]. 



C. Non-supersymmetric truncations 

All the truncations we have listed so far have field content which fills the bosonic sector of 
AdSs supermultiplets and so are presumably supersymmetric truncations. It is also useful to 
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consider truncations which contain dynamical fields belonging to different supermultiplets, 
without keeping the entire multiplet. In this sense these truncations are not supersymmet- 
ric, although they are perfectly consistent truncations and solutions of the ten-dimensional 
equations of motion. For these truncations, we start with the complete Lagrangian given in 
flU]) and (EJ. 



1. Massive vector field 



The first non-supersymmetric truncation we wi 



1 discuss involves keeping the m 2 = 8 



vector field, b\, and has already been noted in 18j. The field content in this truncation 
consists of one component of b\ (denoted b\), t 2 , p, a and g^. Note that the graviphoton is 
turned off here so that even at the lowest level this cannot be supersymmetric. Furthermore, 
by keeping only one component of b\, the r equation of motion demands that we must set 
7~i = 0. With this field content, the D = 10 constraints f l24l) are trivially satisfied with 
0o = and p 2 = 0, and the Lagrangian (I5U|) becomes [3] 

C = R*l + {2Ae-^ p - a - 4e-¥ p - 6a - 8e~T p ) * 1 - f dp A *dp - 5da A *da 

hdr 2 A *dr 2 - |r 2 et' ,+4<T d6 1 A *db x - A^e'^-^h A *&i. (58) 



2t. 



2. Complex massive anti- symmetric tensor 

We can also truncate to theories containing the m 2 = 9 complex anti-symmetric tensor 
field q 2 . The field content here is given by, q 2 , Ai, B, C, r, and A\. The D = 10 
constraints become (f>o = and p 2 = —dA\ — jdA\. All the other equations of motion are 
either satisfied by setting the rest of the fields to zero or can be derived from the Lagrangian 

C = R*l + (24e-¥p-° - 4e-f p ~ 6a - 8e~f p ) * 1 - f dp A *dp - 5da A *da 

_l e -8p-4* Ai A +Ai + |( ?2 A d - 2 _ - 2 A dq ^ _ AiAp2Ap2 _ AAi A q2 A ^ ( 59 ) 
Note that it is consistent to further truncate to a constant axi-dilaton r = r . 
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3. Real massive anti- symmetric tensor 



Along similar lines to the case above for a massive vector field, we can set A\ — and 
make a truncation including the m 2 = 16 real anti-symmetric tensor doublet h\ by keeping 
only the graviton coupled to b 2 , r, p and a. Again, the equations of motion for the other 
fields are trivially satisfied and the constraints are also trivial 0o = and P2 = 0. This 
leaves the Lagrangian 

C = R*l + (24e~ir p-° - Ae-^ p - &(T - 8e"f p ) * 1 - f dp A *dp - 5da A *da 

-^sdT A *df - \e% p Mijdbi A *dbi + 2e ii b\ A *db{. (60) 

As in the previous truncation it is consistent to further truncate to r = t$. 



V. DISCUSSION 



In the above, we have examined massive reductions of 10-dimensional IIB supergravity 
on Sasaki-Einstein manifolds. By utilizing the structure of SE 5 , we have given a general 
decomposition of the IIB fields based on the invariant tensors associated with the internal 
manifold. The field content obtained in five- dimensions completes the bosonic sector of 
various AdSs supermultiplets, and in particular they fill out the lowest Kaluza-Klein tower 
up to the breathing mode supermultiplet. This proves, at least at the level of the bosonic 
fields, the conjecture raised in that a consistent massive truncation may be obtained 
by truncating to the singlet sector on the Kahler-Einstein base B (which is CP 2 for the 
squashed S 5 ) and further restricting to the level of the breathing mode multiplet and below. 

As suggested at the end of Section [TTT| it is this truncation to constant modes on the base 
B that ensures the consistency of the reduction. In a sense, this is a generalization of the 
old consistency criterion of restricting to singlets of the internal isometry group, except that 
here restricting to singlets of an appropriate subgroup turned out to be sufficient. For this 
reason, we believe it is not that the breathing mode is special in itself which allows for a 
consistent truncation retaining its supermultiplet, but rather that in the examples given here 



and in 



13| , the breathing mode superpartners so happen to be the lowest harmonics in their 



respective Kaluza-Klein towers. It is an unusual feature of Kaluza-Klein compactifications on 
curved internal spaces that states originating from different levels of the harmonic expansion 
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may combine into a single supermultiplet. Thus, while the breathing mode is always the 
lowest state in its tower (being a constant mode on the internal space), its superpartners may 
carry excitations on the internal space. This does not occur for the Af = 2 compactification 
of IIB supergravity on SE 5 (nor does it for D = 11 supergravity on SE 7 ). However, in 
extended theories, such as IIB supergravity on the round S 5 , the superpartners will involve 
non-trivial harmonics. In particular, the Af = 8 superpartners to the breathing mode include 
a massive spin-2 excitation of the graviton involving the second harmonic (d-waves) on the 
sphere. Thus we believe it to be unlikely that an Af = 8 massive truncation with the 
breathing mode multiplet will be consistent. 

Consistent truncations of the type discussed here have recently been of particular interest 
in the growing literature on AdS/CFT applications to condensed matter systems. Until 
recently a strictly phenomenological approach has been taken in this area. In these systems 
the inclusion of a scalar condensate is required in the gravity theory to source an operator 
whose expectation value acts as an order parameter describing superconductor/superfluid 
phase transitions in the strongly coupled system. In the phenomenological approach, the 
origin of this scalar and its properties have not been of immediate interest; rather the general 
behavior was determined and many interesting similarities to real condensed matter systems 
have been noted. However, this approach lacks strong theoretical control in that systems are 
described by a set of free parameters which can be tuned to provide the property of interest. 
Recently there has been some work to embed these models in UV complete theories, where 
the parameters are no longer free but are determined by the underlying features of the 
theory, such as an origin in string theory. The discussion here has put these reductions into 
a more general framework and gives further examples of UV complete systems whose duals 
may have useful applications in the AdS/CMT correspondence. 

Given that the fields in these truncations fall into specific supermultiplets it is an obvious 
and relevant question to discuss their fermionic partners. This would involve reducing the 
supersymmetry variations and fermion equations in ten-dimensions down to five- dimensions 
and determining the complete supersymmetric action of these truncations. This is also of 
interest in terms of AdS/CMT where there has been much interest in describing fermion 
behavior in condensed matter systems such as the Fermi-liquid theory using the holographic 
correspondence. In particular, the full supersymmetric action could give us examples of 
specific interactions studied in these systems coupling scalar condensates to the fermionic 
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excitations [52M54J] . We leave the study of the fermionic modes and connections to condensed 
matter systems to future work. 
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